Published by Institute of Physics Publishing for SISSA/ISAS Received: July 2, 2003 Accepted: August 6, 2003

Multi-dimensional classical and quantum cosmology: exact solutions, signature transition and stabilization

Shahram Jalalzadeh,^a Fatemeh Ahmadi^a and Hamid Reza Sepangi^{ab}

aDepartment of Physics, Shahid Beheshti University Evin, Tehran 19839, Iran bComputational Physical Sciences Research Laboratory, Department of Nano-science Institute for Studies in Theoretical Physics and Mathematics P.O. Box 19395-5746, Tehran, Iran E-mail: s-jalalzadeh@cc.sbu.ac.ir, fa-ahmadi@cc.sbu.ac.ir,

hr-sepangi@cc.sbu.ac.ir

Abstract: We study the classical and quantum cosmology of a (4 + d)-dimensional spacetime minimally coupled to a scalar field and present exact solutions for the resulting field equations for the case where the universe is spatially flat. These solutions exhibit signature transition from a euclidean to a lorentzian domain and lead to stabilization of the internal space, in contrast to the solutions which do not undergo signature transition. The corresponding quantum cosmology is described by the Wheeler-DeWitt equation which has exact solutions in the mini-superspace, resulting in wavefunctions peaking around the classical paths. Such solutions admit parametrizations corresponding to metric solutions of the field equations that admit signature.

Keywords: Classical Theories of Gravity, Cosmology of Theories beyond the SM.

© SISSA/ISAS 2003 http://jhep.sissa.it/archive/papers/jhep082003012 /jhep082003012 .pdf

Contents

1. Introduction 1

2. The model 2

3. Classical cosmology and exact solutions 4

4. Stabilization 10

5. Quantum cosmology and wave packets 11

6. Conclusions 13

1. Introduction

The interest in multi-dimensional cosmology has its roots in the Kaluza-Klein (KK) idea of geometric unification of interactions and has been a source of inspiration for numerous authors over its long history [1]. Traditionally, the extra dimension in KK theories are assumed to be periodic and can be made arbitrarily small (of the order of the Plank length), being curled up into a closed topology and hence undetectable. However, the relaxation of this condition has caused interesting physics to appear over the past few years in the form of theories which may be categorized as having large extra dimensions. A flood of papers have appeared to address various consequences of having large extra dimensions, motivated by the work of Randall-Sundrum [2] and Arkani-Hamed et al. [3]. In the former, the authors investigated a string theory inspired 5D Anti-de-Sitter (AdS) bulk where our universe appears as an embedded 4D singular hypersurface or a 3-brane. In the latter however, a multi-dimensional theory is considered as the fundamental theory in which the scale of gravity is taken to be the gauge unification scale rather than M_{pl} in 4+d dimensions where d represents the number of extra dimensions. A notable achievement of these investigations has been to offer a possible explanation for the resolution of the hierarchy problem; the huge disparity in size between various fundamental constants in nature. Yet another approach to models with a large extra dimension comes from the Space-Time-Matter (STM) theory where our 4D world is embedded in a 5D manifold devoid of matter [4]. In this theory, the matter in 4D results from purely geometrical considerations in 5D, providing us with a theory offering a possible explanation of the origin of matter in the universe. The question of the detection of these extra dimensions will have to be addressed in the future, perhaps in an indirect way using high energy particle accelerators.

The class of problems dealing with higher dimensional cosmology with a compactified extra dimension have been used by some authors to address issues like signature transition in classical and quantum cosmology [6]. It would then seem natural to investigate the same issues in theories with large extra dimensions. Naturally, the problem of the stabilization of

– 1 – these extra dimensions and its relation to signature transition would also be the questions worth investigating. This is in contrast to the Randall-Sundrum brane-world scenarios where issues like signature transition and quantum cosmology are fraught with subtleties. For example, in the brane-world scenarios, signature transition has been shown to be incompatible with the Z_2 symmetry, an important, though not a necessary feature of the theory. Also, in studying the quantum cosmology of such models the question arises as to should one consider the bulk first and the creation of the brane later or should they both come into being at the same time. For a more detailed discussion of the above issues, the reader is referred to [5].

In a multi-dimensional cosmology, a question of interest is that of the stabilization of the extra dimensions and various methods have been employed to address it. For example, in [7] stabilization is achieved by using a Casimir-like potential, or in [8] by using a scalar field having an effective potential with a global minimum. The same goal has been achieved in [9] via a balance between vacuum energy, guage fields and the curvature of the internal space.

In this paper, we have considered a multi-dimensional cosmology minimally coupled to a scalar field, described by a potential possessing a global minimum. This feature turns out to be essential in the study of signature transition and stabilization in our model. The presence of a scalar field in the action in the bulk space is generally required for the dynamical stabilization of the theory [12, 8]. Also, the scalar field plays the double role of providing an effective mass to the radion field during inflation and acting as an inflaton which essentially reheats the Universe before nucleosynthesis. Such a potential has previously been used in the context of a 4D Friedmann-Robertson-Walker (FRW) cosmology where a self-interacting scalar field is coupled to Einstein’s field equations with a potential containing a Sinh-Gordon scalar interaction [10]. For the case of a spatially flat universe, these equations are then solved exactly for the scalar field and the scale factor as dynamical variables, giving rise to cosmological solutions with a degenerate metric, describing a continuous signature transition from a euclidean domain to a lorentzian spacetime. The case for a non-flat universe is addressed in [11]. The scalar field potential used in the present work is that given in [10]. As it turns out, the scalar field plays another role, namely, limiting the number of the internal degrees of freedom.

The paper is organized as follows: in section 2 the salient features of the model is presented and contact is made to address the hierarchy problem. Section 3 is devoted to the solution of the field equations and the resulting classical cosmology with a discussion of signature transition. Section 4 deals with the question of stabilization while in section 5 the quantum cosmology of the model is studied by presenting solutions to Wheeler-Dewitt (WD) equation. In the last section conclusions are drawn.

2. The model

Let us start by considering a cosmological model in which the spacetime is assumed to be of Freedmann-Robertson-Walker type with a d-dimensional internal space. We adopt a chart {β, x^i, x^μ} where β, x^i and x^μ (i = 1, 2, 3; μ = 4, . . . , d + 4) represent the laps function, the

– 2 – external space coordinates and the internal space coordinates respectively. The metric is given by g = −βdβ ⊗ dβ + R̄2(β) [1 + (^k_4 )r^2]^2 dx^i ⊗ dx^i + ā^2(β)g^{(d)} (2.1)

defined on a bulk manifold with warped product topology

M = M_{3+1} × M_d (2.2)

with D = 4 + d being the total number of dimensions, k = 1, 0, −1 representing the usual spatial curvature, R̄(β) and ā(β) are the scale factor of the universe and the radius of the d-dimensional internal space respectively and g^{(d)} is the metric for the internal space, assumed to be Ricci-flat. We write the action functional as S = 1 2κ_D^2 ∫ M d^Dx √ −gR[g] − 1 2 ∫ M d^Dx √ −g − ( ∂ϕ̃ ∂β )_2 + 2U(ϕ̃)

+ S_{Y GH} (2.3)

where κ_D is the D-dimensional gravitational constant, ϕ̃ is a minimally coupled homogeneous scalar field with the potential U(ϕ̃) and S_{Y GH} is the usual York-Gibbons-Hawking boundary term [13]. The signature of the metric (2.1) is lorentzian for β > 0 and euclidean for β < 0. For positive values of β one can recover the cosmic time by setting t =^2_3 β^32 and the corresponding metric becomes g = −dt ⊗ dt + R^2(t) [1 + (^k_4 )r^2]^2 dx^i ⊗ dx^i + a^2(t)g^{(d)} (2.4)

where R(t) = R̄(β(t)) and a(t) = ā(β(t)) in the {t, x^i, x^μ} chart. We solve our differential equations in a region that dose not include β = 0 and seek real solutions for R and a passing smoothly through the β = 0 hypersurface. The Ricci scalar corresponding to metric (2.4) is

R = 6 [ R̈ R + k + Ṙ^2 R^2 ] + 2d ä a + d(d − 1) ( ȧ a )_2

+ 6d ȧṘ aR (2.5)

where a dot represents differentiation with respect to t. Let a_0 be the compactification scale of the internal space at the present time and

υ_d ≡ υ_0 × υ_i ≡ a_0^d × ∫ M_d d^dx √ −g^{(d)} the corresponding total volume of the internal space. After dimensional reduction, action (2.3) becomes S = −υ_3 ∫ dt { 6Ṙ^2ΦR + 6ṘΦ̇R^2 + d − 1 d Φ̇2 Φ R^3 − 6kΦR + κ_0^2ΦR^3 ( 2V (ϕ) − ϕ̇^2 )}

(2.6) where Φ = 1 2κ_0^2 ( a a_0 )_d

– 3 – and we have redefined the scalar field ϕ̃ and its associated potential as follows ϕ = √ υ_d ϕ̃ , V (ϕ) = υ_dU ( ϕ √ υ_d )

with υ_3 being the volume of the external spatial space.

At this point, it is appropriate to make contact with the hierarchy problem, mentioned in the introduction [14]. In action (2.6), κ_0 is the 4-dimensional gravitational constant defined as κ_0^2 = 8π M^2_{P l} := κ^2_D υ_d (2.7)

where M_{P l} = 1.22×10^{19} Gev. The conventional radius of compactification in string theory is of order L_{P l}, resulting in a 10-dimensional gravity scale comparable to the 4-dimensional plank scale. If we normalize κ^2_D in such a way that κ^2_D = 8π/M^{2+d}_{EW} , where M_{EW} is the Standard Model Electroweak scale, then a_0 ∼ 10^{32/d−17} cm, assuming υ_i = 1. This points to a possible solution of the hierarchy problem, different from grand unified and supersummetric theories.

3. Classical cosmology and exact solutions

From action (2.6), the effective lagrangian becomes L = −6 { Ṙ^2ΦR + ṘΦ̇R^2 + d − 1 6d Φ̇2 Φ R^3 − kΦR + 1 3 κ_0^2ΦR^3 ( V (ϕ) − ϕ̇2 2 )} (3.1)

where we have set υ_3 = 1. The variation of the above lagrangian yields the Einstein field equations and the equation of motion of the scalar field 2 Φ̇Ṙ ΦR + ( Ṙ R )_2 + 2 R̈ R + Φ̈ Φ + k R^2 − d − 1 2d ( Φ̇ Φ )_2 = κ_0^2 ( V − 1 2 ϕ̇^2 ) (3.2)

3 ( Ṙ R )_2 + R̈ R + k R^2 + d − 1 2d 2 Φ̈ Φ − ( Φ̇ Φ )_2 + 6 Φ̇Ṙ ΦR = κ_0^2 ( V − 1 2 ϕ̇^2 ) (3.3)

3 ( Ṙ R )_2 + Φ̇Ṙ ΦR + k R^2 + d − 1 2d ( Φ̇ Φ )_2 = κ_0^2 ( V + 1 2 ϕ̇^2 ) (3.4)

ϕ̈ + 3 Ṙϕ̇ R + Φ̇ϕ̇ Φ + ∂V ∂ϕ = 0 . (3.5)

To make the lagrangian (3.1) manageable, consider the the following change of variable

ΦR^3 = mu^2 + m^′v^2 + 2nuv

where m , m^′ and n are constants and R = R(u, v), Φ = Φ(u, v) are functions of new variables u, v. For mm^′ − n^2 ≠ 0 , we assume { Φ^{ρ+} R^{σ−} = c_1u + c_2v Φ^{ρ−} R^{σ+} = c_3u + c_4v

(3.6)

– 4 – where c_1 = pc_4, c_3 = m/pc_4 and c_2 = m^′/c_4 such that p = n/m^′ ± √ (^n_{m′} )^2 − m/m^′ and

σ_± = 1 2 3 ∓ 1√_{d+2} 3d ρ_± = 1 2 ± 3 4 √ d + 2 3d ∓ 1 4 √_{d+2} 3d . (3.7)

Using the above transformations and concentrating on k = 0, the lagrangian becomes L = −4 ( d + 2 d + 3 ) × (3.8) × { mu̇^2 + m^′v̇^2 + 2nu̇v̇ + 1 2 κ_0^2 ( d + 3 d + 2 ) (mu^2 + m^′v^2 + 2nuv) ( V − 1 2 ϕ̇^2 )} . Let us define ζ to be the following vector

ζ = u cosh(γϕ) v cosh(γϕ) u sinh(γϕ) v sinh(γϕ)

. (3.9)

This definition will allow us to write lagrangian (3.8) as L = − κ_0^2 γ^2 { ζ̇^⊤Γζ̇ + 2γ^2ζ^⊤ΓζV } (3.10)

where Γ = ( J 0 0 −J ) , J = ( m n n m^′ ) , γ =^{κ0}_2

√_{d+3}

d+2 and ⊤ represents transposition. Up to this point the cosmological model has been rather general. However, motivated by the desire to find suitable smooth functions R(t), Φ(t) and ϕ(t), and in particular to stabilize the internal degrees of freedom, we have to specify a suitable potential V (ϕ). As has been discussed by various authors [8], stabilization of the internal space can be achieved if the potential has a global minimum with respect to ϕ. A Potential with such properties has been used in the past [10] in the context of signature transition and we therefore adapt it here for our present purpose. We require that the potential V (ϕ) has natural characteristics for small ϕ, so that we may identify the coefficient of^1_2 ϕ^2 in its Taylor expansion as a positive M^2 and V (0) as a D-dimensional cosmological constant Λ. In this case the effective lagrangian can be simplified if we select a potential that satisfies

2γ^2ζ^⊤ΓζV (ϕ) = ζ^⊤ΓΣζ (3.11)

where Σ = ( a_1 b −b −a_2 ) . In terms of ϕ, (3.11) implies

V (ϕ) =

(a_1 − a_2) 4γ^2 + (a_1 + a_2)

4γ^2 cosh 2γϕ + b 2γ^2 sinh 2γϕ. (3.12)

Inserting the physical parameters Λ = V |_{ϕ=0} = a_1/2γ^2 and M^2 = ∂^2V/∂ϕ^2|_{ϕ=0} = a_1 + a_2 in the potential we find

V (ϕ) = Λ + 1 2γ^2

M^2 sinh^2 γϕ + b 2γ^2 sinh 2γϕ. (3.13)

– 5 –

The first two terms in (3.12 ) give rise to a Sinh-Gordon scalar interaction. The third term is interesting since its presence breaks the symmetry of V under ϕ → −ϕ and is directly responsible for the signature changing properties of the solutions to be discussed below. For |2b/M^2| < 1 the potential has a minimum value

Λ + 4M^2γ^2 (√ 1 − 4b^2 M^4 − 1 ) at ϕ = − 1 2γ tanh^{−1} ( 2b M^2 ) . (3.14)

This minimum is believed to support the stabilization of the internal space degrees of freedom as is discussed below. Now, if we choose normal mode basis that diagonalize Σ and write ζ = Sα(t) with S^{−1}ΣS = Σ_d = ( λ_+ 0 0 λ_− )

where S = (_{bΩ} 1 b Ω_2 (λ_+−a_1)

Ω_1

(λ_−−a_1) Ω_2 )

and λ_± = 1 2 [ a_1 − a_2 ± √ (a_1 + a_2)^2 − 4b^2 ] Ω_1 = √ b^2 − (λ_+ − a_1)^2 Ω_2 = √ (λ_− − a_1)^2 − b^2

the lagrangian becomes L = − κ_0^2 γ^2 { α̇^⊤Γα̇ + α^⊤ΓΣ_dα } (3.15)

with the general solution for the equations of motion given by (mm^′ − n^2 ≠ 0)

α = Υ_+(t)A + Υ_−(t)B (3.16)

where A and B are constant (4×1) vectors and Υ_± = diag(e^{±ω+t}, e^{±ω+t}, e^{±ω−t}, e^{±ω−t}) with ω_± = √ λ_±. In terms of these solutions, the constraint equation (3.4) becomes H = − κ_0^2 γ^2 { α̇^⊤Γα̇ − α^⊤ΓΣ_dα } = 0 . (3.17)

Let us concentrate on the solutions for which α̇(0) = 0, that is A = B. This would then imply α = 2A_1 cosh(ω_+t) 2A_2 cosh(ω_+t) 2A_3 cosh(ω_−t) 2A_4 cosh(ω_−t)

. (3.18)

Equation (3.17) can now be written as ( l^2A^2 − A^2_4 ) [ m ( A_3 A_1

)_2

+ 2n

A_3 A_1 + m^′ ] = 0 (3.19)

– 6 – where l^2 =^{λ+}_{λ−} . From the vanishing of the first parentheses we have A_4 = ϵlA_2 with ϵ = ±1. Upon using (3.18) we find

α_2 = ϵl

A_2 A_3 α_1

α_4 = ϵl

A_2 A_3 α_3

(3.20)

where use has been made of the relation ζ_1ζ_4 = ζ_3ζ_2 resulting from (3.9). If we choose an overall scale by setting A_1 = 1, then (3.6), (3.9) and (3.20) result in the first class of solutions given by

R R_0 = a a_0 = [ cosh^2(ω_+t) − l^2 cosh^2(ω_−t) cosh^2(ω_+t_0) − l^2 cosh^2(ω_−t_0)

]^1_{d(d+3)}

λ_+, λ_− > 0 [ cos^2(ω_+t) − l^2 cos^2(ω_−t) cos^2(ω_+t_0) − l^2 cos^2(ω_−t_0)

] 1_{d(d+3)}

λ_+, λ_− < 0

(3.21)

and

ϕ = 1 γ tanh^{−1}

(λ_+−a_1) Ω_1 cosh(ω+t) +

(λ_−−a_1) Ω_2 ϵl cosh(ω−t) b [_1

Ω_1 cosh(ω+t) + ϵl Ω_2 cosh(ω−t)

] λ_+, λ_− > 0

(λ_+−a_1) Ω_1 cos(ω+t) +

(λ_−−a_1) Ω_2 ϵl cos(ω−t) b [_1

Ω_1 cos(ω+t) + ϵl Ω_2 cos(ω−t)

] λ_+, λ_− < 0

(3.22)

where R_0 and a_0 represent the present external and internal scale factors and t_0 represents the age of the Universe. We also have

(2κ_0^2R_0^d)^{d+3} = [ 2(c_3 + c_4A_2 l ) ]_{2+(d−3)}^√ d+2_{3d} [ 2(c_1 + c_2A_2 l ) ]_{(d−3)}^√ d+2_{3d −2} . If the second factor in (3.19) vanishes and setting A_1 = 1, we obtain the second class of solutions, namely { α_2 = p^′α_1

α_4 = p^′α_3

(3.23)

where p^′ = −n/m^′ ± √ (n/m^′)^2 − m/m^′. The corresponding expressions for R, a and ϕ are given by

R R_0 = a a_0 = [ cosh^2(ω_+t) − A^2_3 cosh^2(ω_−t) cosh^2(ω_+t_0) − A^2_3 cosh^2(ω_−t_0)

]^1_{d(d+3)} λ_+, λ_− > 0 [ cos^2(ω_+t) − A^2_3 cos^2(ω_−t) cos^2(ω_+t_0) − A^2_3 cos^2(ω_−t_0)

] 1_{d(d+3)} λ_+, λ_− < 0

(3.24)

– 7 – and

ϕ = 1 γ tanh^{−1}

(λ_+−a_1)

Ω_1 cosh(ω+t) + A3

(λ_−−a_1)

Ω_2 cosh(ω−t) b [_1

Ω_1 cosh(ω+t) + 1 Ω_2 cosh(ω−t)

] λ_+, λ_− > 0

(λ_+−a_1)

Ω_1 cos(ω+t) + A3

(λ_−−a_1)

Ω_2 cos(ω−t) b [_1

Ω_1 cos(ω+t) +

A_3 Ω_2 cos(ω−t)

] λ_+, λ_− < 0

(3.25)

we also find

(2κ_0^2R_0^d)^{d+3} = [ 2(c_1 + p^′c_2)

]_{(d−3)}^√ d+2_{3d +2} [ 2(c_3 + p^′c_4)

]_{(d−3)}^√ d+2_{3d −2} . The third class of the solutions are obtained when n^2 − mm^′ is zero. In this case we have

ΦR^3 = mu^2 + m^′v^2 + 2nuv = ( √ mu + √ m^′v)^2 := q^2 (3.26)

hence, following the same procedure as for the previous solutions we adapt the following transformations { Φ^{ρ+} R^{σ−} = q^{2(σ−−δρ+)/(3−δ)} Φ^{ρ−} R^{σ+} = q^{2(σ+−δρ−)/(3−δ)} where δ is real and δ ≠ 3. Let us set ζ = ( q cosh γ^′ϕ q sinh γ^′ϕ ) , j = ( 1 0 0 −1 ) and for convenience replace γ with γ^′ in potential (3.12). The lagrangian then becomes L = − κ_0^2 γ^{′2} { ζ̇^⊤jζ̇ + ζ^⊤Σ_dζ } (3.27)

where γ^{′2} = κ^2_0d(3 − δ)^2 24d(1 − δ) + 4(d − 1)δ^2 . The general solution in the normal mode, α = S^{−1}ζ, is then given by

α = Υ_+A + Υ_−B

where, A and B are constant 2 × 1 vectors and Υ_± = diag(e^{±ω+t}, e^{±ω−t}). If we choose α̇(0) = 0, the constraint (3.4) becomes

α(0)^⊤Σ_dα(0) = 0 (3.28)

and we have A_2 = ϵlA_1. The solutions are then given by { α_2 = 2A_1ϵl cosh(^1_l cosh^{−1}(^{α1}_{2A1} )) λ_+, λ_− > 0 α_2 = 2A_1ϵl cos(^1_l cos^{−1}(^{α1}_{2A1} )) λ_+, λ_− < 0

(3.29) and

R R_0 = ( a a_0 ) −d_δ = [ cosh^2(ω_+t) − l^2 cosh^2(ω_−t) cosh^2(ω_+t_0) − l^2 cosh^2(ω_−t_0)

]^1_{3−δ}

λ_+, λ_− > 0 [ cos^2(ω_+t) − l^2 cos^2(ω_−t) cos^2(ω_+t_0) − l^2 cos^2(ω_−t_0) ] 1_{3−δ} λ_+, λ_− < 0

(3.30)

– 8 – with

ϕ = 1 γ tanh^{−1}

(λ_+−a_1)

Ω_1 cosh(ω+t) + lϵ

(λ_−−a_1)

Ω_2 cosh((ω−t) b [_1

Ω_1 cosh(ω+t) + ϵl Ω_2 cosh(ω−t)

] λ_+, λ_− > 0

(λ_+−a_1) Ω_1 cos(ω+t) + lϵ

(λ_−−a_1)

Ω_2 cos(ω−t) b [_1

Ω_1 cos(ω+t) + ϵl Ω_2 cos(ω−t)

] λ_+, λ_− < 0

(3.31)

where

R_0^δ = 2κ_0^2 . (3.32)

For this class of solutions we clearly have a a_0 = ( R R_0 )_− δ_d (3.33)

in agreement with that found in [15]. It is clear that if the parameters satisfy V =^{∂V}_{∂ϕ} = 0 with R, a and ϕ being constants, then for Σ, we have degenerate zero eigenvalues. For such parameters, the cosmological model becomes an eternal cosmology with a single transition from a euclidean to a lorentzian domain at β = 0. For positive eigenvalues of Σ, signature transition dose not occur since the solutions would not be continuous at β = 0. If the product of λ_+ and λ_− be less than zero, then l becomes imaginary and the constraint equation can not be satisfied with a real solution. With both eigenvalues negative, equations (3.21), (3.24) and (3.30) exhibit a continuous transition from a euclidean to a lorentzian domain, see figure 1. As equation (3.21) shows, R/R_0 and a/a_0 have the same form and the values of β where R̄(β) = 0 control the location of the branch points of R̄(β). In equations (3.22) and (3.31) if we choose ϵ = −1 and set Λ = 0, that is, a_1 = 0 then the scalar field vanishes at the transition. The singular behavior of the scalar field at the birth and death of the universe is reflected in the behavior of the scalar curvature R given by equation (2.5). As we have shown above, we see from equations (3.24) and (3.25) that the values of A_3 control the locations of the branch points of the the relevant fields, otherwise, the general behavior of the solutions is the same as that discussed above. From equation (3.32) one sees that due to the size of R_0, δ must have negative values and this makes the solutions finite. Figure 1 shows the plot of the scalar field, the scale factor R, the internal scale factor a and the curvature scalar R, using equations (3.30) and (3.31) for some specific values of the parameters. The smooth transition from the negative to positive values of β corresponding to signature transition from a euclidean to a lorentzian domain is clearly seen.

The solutions presented above also merit the following observations. For the first and second class solutions, one observes that in the region where β < 0, one may encounter another region over which the signs of R^2 and a^2 change simultaneously, signifying the onset of a second signature transition of the metric. Equations (3.21) and (3.24) then suggest that the exponent d(d + 3)/2 must be an odd integer. This in turn imposes a constraint on the value of d. The same argument may be carried forward for the third class

– 9 –

Figure 1: Left, the scalar field (solid line), the scale factor R (dashed line) and the internal scale factor a (large-small dashed line) and right, the curvature scalar R versus β for κ_0 = 1, d = 2, a_1 = 0, a_2 = 3, b = 1 and δ = −1.

of solutions and again, leads to the imposition of certain limits on the values of d and δ. A careful examination of the latter solutions reveals that d must be an odd integer and δ should be represented by a negative ratio whose numerator and denominator consist of odd integers. The above argument suggests a mechanism through which one may put limits on the number of internal dimensions. For example, within the context of this model, the third class of solutions require d = 2 in order to avoid a second signature transition. In view of this, the present model could also offer signature transition as a mechanism for restricting the number of the internal degrees of freedom.

4. Stabilization

As was mentioned in the previous section, stabilization of the internal space is related to the potential having a global minimum. This issue needs to be further elaborated at this point.

To begin with, we assume that the potential has a global minimum at zero, that is, according to equation (3.14) at

Λ = 4M^2γ^{′2} ( 1 − √ 1 − 4b^2 M^4 ) . This implies a positive Λ for the model under discussion. Now, from equations (3.32) and (3.33) we find R = Φ^{−1/δ} . Substituting this relation for R into lagrangian (3.1) and combining the resulting equation of motion for Φ and the hamiltonian constraint, we obtain

3HΦ̇ + Φ̈ = κ^2_0δ(δ − 3) 1 − δ + δ^{2 d−1}_{6d}

V (ϕ)Φ (4.1)

where H = Ṙ/R. Following [8], we now expand the potential V (ϕ) about its minimum value which we have assumed to be zero. In the zero order approximation, the right hand

– 10 – side of the above equation becomes zero and a solution yields

Φ(t) = 1 2κ^2_0 − C_0 ∫_{tf} t dte^{−3} ∫_t ti Hdt , (4.2)

where C_0 is the initial value of Φ̇ at t = t_i where i stands for initial and t_f refers to the value of t close to the region signifying the singular behavior of our solutions as depicted in figure 1. The constant C_0 is chosen such that Φ(t → ∞) → 1/2κ^2_0. This choice corresponds to the stabilization of the internal space a → a_0. That is, in the zero order approximation the dynamical stabilization is achieved if the integral in equation (4.2) converges, otherwise, decompactification would occur. Equation (4.2) can be recast into a simpler form if we substitute for H and do the inner integral. The result is Φ = 1 2κ^2_0

− C_0R^3_0 ∫_{tf} t dt R^3

(4.3)

where R_i = R(t = t_i). An inspection of all the solutions for λ_± < 0 shows that their substitution in equation (4.3) results in a convergent integral all the way close to the region where the solutions start to diverge. However, for the solutions corresponding to λ_± > 0, the integral above diverges and there would be no stabilization.

It would be interesting to note that the solutions corresponding to λ_± > 0 were shown in the previous section not to undergo signature transition. One would therefore lead to the conclusion that within the context of the present model, signature transition and stabilization of the internal degrees of freedom are correlated.

5. Quantum cosmology and wave packets

Let us now turn to the study of quantum cosmology of the model presented above. As was shown in the previous section, there are three classes of solutions, the first two comprise mm^′ − n^2 ≠ 0 and the third results from mm^′ − n^2 being zero. The former classes of solutions are represented by the lagrangian (3.15). An examination of this equation and the corresponding hamiltonian (3.17) reveals their complicated structure. One would therefore expect that the resulting quantum cosmology become equally complicated and any hope of finding analytical solution to the resulting WD equation would be in vain. However, this is not the case for the latter class of solutions. This motivates us to concentrate on the quantum cosmology corresponding to the classical solutions represented by equation (3.30), since it can be cast into an oscillator-ghost-oscillator system whose solutions are easily obtained and are well know. The relevant lagrangian is given by equation (3.27) and can be written as L = − k^2_0 γ^{′2} { α̇^2_1 − α̇^2 − ω_+^2α^2_1 + ω_−^2α^2 } . (5.1)

The hamiltonian can then be obtained by the usual Legender transformation where, upon quantization p_1 → −i∂/∂α_1 etc., one arrives at the WD equation describing the corresponding quantum cosmology

HΨ(α_1, α_2) = { − ∂^2 ∂α^2_1 + ∂^2 ∂α^2

+ ω_+^2α^2_1 − ω_−^2α^2 } Ψ(α_1, α_2) = 0 . (5.2)

– 11 –

This equation is separable in the minisuperspace variables and a solution can be written as

Φ_{n1,n2} (α_1, α_2) = u_{n1} (α_1)v_{n2} (α_2) (5.3)

where

u_n(α_1) = (ω_+ π )_{1/4} [ H_n (√ ω_+α_1 ) √ 2^nn! ] e^{−ω+α21/2} (5.4)

v_n(α_2) = (ω_− π )_{1/4} [ H_n (√ ω_−α_2 ) √ 2^nn! ] e^{−ω−α2/2}. (5.5) In these expressions H_n(x) is a Hermite Polynomial. The zero energy condition, H = 0, then yields ( n_1 + 1 2 ) ω_+ = ( n_2 + 1 2 ) ω_− , n_1, n_2 = 0, 1, 2, . . . . (5.6)

The set {Φ_{n1,n2} (α_1, α_2)} forms a closed span of the zero sector subspace of the Hilbert space L^2 of measurable square-integrable functions on R^2 with the usual inner product defined as ∫ Φ_{n1,n2} (α_1, α_2)Φ_n′_{1,n}′_2 (α_1, α_2)dα_1dα_2 = δ_{n1,n}′_1 δ_{n2,n}′_2

that is, the orthonormality and completeness of the basis functions follow from those of the Hermite polynomials. A general wave packet can now be defined as

Ψ(α_1, α_2) = Σ^′_{n1,n2} A_{n1,n2} Φ_{n1,n2} (α_1, α_2) (5.7)

where the prime on the sum indicates summing over all values of n_1 and n_2 satisfying the constraint (5.6). The coefficients A_{n1,n2} are given by [16] A_{n1,n2} √ 2^{n2} n_2! = ( π ω_− )_{1/4} (n_2/2)!c_{n1} (−1)^{n2/2}n_2!

(5.8)

where c_n = e^{−1/4|χ0|2} χ^n_0 √ 2^nn!

. (5.9)

The classical paths corresponding to these solutions are the generalized Lissajous ellipsis which have the following parametric representation

α_1(t) = α_1(0) cos(ω_+t − θ_0) , α_2(t) = α_2(0) sin(ω_−t) (5.10)

where the zero energy condition demands ω_+α_1(0) = ω_−α_2(0), and θ_0 is an arbitrary phase factor. The classical-quantum correspondence is established by

χ_0 = √ ω_+ ω_− α_1(0)e^{iθ0} . (5.11)

– 12 –

Figure 2: Left, the square of the wave packet |Ψ(α_1, α_2)|^2 for |χ_0| = 12 and θ_0 = 0, ω_+ = ω_− = 1 with nmax = 130 and right, the contour plot of the same figure with the classical path superimposed as the thick solid line.

Figure 2 shows the square of the wave packet |Ψ(α_1, α_2)|^2 for equal frequencies ω_+ = ω_− = 1 and also the corresponding classical path superimposed on it, showing a good classical quantum correspondence. One can also choose the frequencies to be unequal and study the the behavior of the resulting wave packet. An extensive discussion for the construction of wave packets resulting from the solutions of equation (5.2) with both equal and unequal frequencies can be found in [16].

A final word on these solutions are in order. As the classical solutions corresponding to these wave packets were shown to undergo signature transition, the present quantum cosmological solutions can also be said to have the same behavior in an indirect way.

6. Conclusions

In this paper we have considered the analytic expressions for a class of degenerate metric solutions of the Einstein field equations for a self-coupled scalar field in a (4+d)-dimensional cosmology with a FRW-type external metric. These solutions depend on a free parameter δ whose limits are specified by the present observations on the size of the universe. They also predict signature transition from a euclidean to a lorentzian domain. For negative eigenvalues of Σ, we have shown that, within the context of the present work, signature transition can provide a mechanism which would make the scale factors to remain finite. This in turn causes the internal dimension of the model to become stabilized. That is, signature change selects those solutions which are stabilized. The beginning of the euclidean and ending of the lorentzian domains are characterized by a singular behavior of the scalar field. Although our exact solutions have been obtained for a spatially flat universe, we predict that the solutions corresponding to k ≠ 0 will generally show the same type of behavior, as has been shown in [11] for the much simpler case of a 4D-FRW cosmology. We have also studied the quantum cosmology of our model for the special case when mm^′ − n = 0 for which the corresponding WD equation was found to have resulted from a

– 13 – hamiltonian describing an oscillator-ghost-oscillator system. These solutions show a good classical-quantum correspondence in that the classical paths coincide with the crest of the wave functions resulting from the solution of the WD equation.

To conclude, the role of the potential in this and similar models should be duly emphasized. It causes signature transition to occur, stabilizes the internal degrees of freedom and is the vital ingredient for inflation. In turn, signature transition provides a mechanism through which stabilization of, and restriction on the number of internal degrees of freedom can be achieved.

Acknowledgments

The authors would like to thanks S.S. Gousheh and H. Salehi for useful discussions. SJ would like to thank the research council of Shahid Beheshti University for financial support.

References

[1] K.A. Bronnikov and V.N. Melnikov, Black holes in multi-dimensional dilation gravity:

existance and stability, Ann. Phys. (NY) 239 (1995) 40;

U. Kasper, M. Rainer and A. Zhuk, Integrable multi-component perfect fluid multi-dimensional cosmology II: scalar fields, Gen. Rel. Grav. 29 (1997) 1123; S. Mignemi and H. schmidt, Classification of multi-dimensional inflationary models, J. Math. Phys. 39 (1998) 998.

[2] L. Randall and R. Sundrum, An alternative to compactification, Phys. Rev. Lett. 83 (1999) 4690 [hep-th/9906064]; A large mass hierarchy from a small extra dimension, Phys. Rev. Lett. 83 (1999) 3370 [hep-ph/9905221].

[3] N. Arkani-Hamed, S. Dimopoulos, N. Kaloper and J. March-Russell, Rapid asymmetric inflation and early cosmology in theories with sub-millimeter dimensions, Nucl. Phys. B 567 (2000) 189 [hep-ph/9903224];

D.H. Lyth, Inflation with TeV-scale gravity needs supersymmetry, Phys. Lett. B 448 (1999) 191 [hep-ph/9810320].

[4] P.S. Wesson, Space-time-matter: modern Kaluza-Klein theory, World Scientific, Singapore 1999.

[5] M. Mars, J.M.M. Senovilla and R. Vera, Signature change on the brane, Phys. Rev. Lett. 86 (2001) 4219 [gr-qc/0012099];

D.H. Coule, Does brane cosmology have realistic principles?, Class. and Quant. Grav. 18 (2001) 4265.

[6] F. Darabi and H.R. Sepangi, On signature transition and compactification in Kaluza-Klein cosmology, Class. and Quant. Grav. 16 (1999) 1565 [gr-qc/9905008].

[7] U. Gunther, S. Kriskiv and A. Zhuk, On stable compactification with Casimir-like potential, Grav. Cosmol. 4 (1998) 1;

A.A. Saharian and M.R. Setare, The Casimir effect on the background of conformally flat brane-world geometries, Phys. Lett. B 552 (2003) 119 [hep-th/0207138].

– 14 –

[8] U. Gunther and A. Zhuk, A note on dynamical stabilization of internal spaces in multidimensional cosmology, Class. and Quant. Grav. 18 (2001) 1441 [hep-ph/0006283]; A. Mazumdar and A. Perez-Lorenzana, A dynamical stabilization of the radion potential, Phys. Lett. B 508 (2001) 340 [hep-ph/0102174];

U. Bleyer and A. Zhuk, Multidimensional integrable cosmological models with dynamical and spontaneous compactification, gr-qc/9405028.

[9] S.M. Carroll, J. Geddes, M.B. Hoffman and R.M. Wald, Classical stabilization of homogeneous extra dimensions, Phys. Rev. D 66 (2002) 024036 [hep-th/0110149].

[10] T. Dereli and R.W. Tucker, Signature dynamics in general relativity, Class. and Quant. Grav.

10 (1993) 365.

[11] K. Ghafoori-Tabrizi, S.S. Gousheh and H.R. Sepangi, On signature transition in Robertson-Walker cosmologies, Int. J. Mod. Phys. A 15 (2000) 1521.

[12] J.P. Mbelek and M. Lachieze-Rey, Theoretical necessity of an external scalar field in the Kaluza-Klein theory, 1, gr-qc/0012086.

[13] G.W. Gibbons and S.W. Hawking, Action integrals and partition functions in quantum gravity, Phys. Rev. D 15 (1977) 2752;

J.W. York, Role of conformal three-geometry in the dynamics of gravitation, Phys. Rev. Lett. 28 (1972) 1082;

M. Rainer, The effective sigma-model of multidimensional gravity, J. Math. Phys. 40 (1999) 5157 [gr-qc/9812031].

[14] N. Arkani-Hamed, S. Dimopoulos and G.R. Dvali, The hierarchy problem and new dimensions at a millimeter, Phys. Lett. B 429 (1998) 263 [hep-ph/9803315]; I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos and G.R. Dvali, New dimensions at a millimeter to a fermi and superstrings at a TeV, Phys. Lett. B 436 (1998) 257 [hep-ph/9804398].

[15] N. Mohammedi, Dynamical compactification, standard cosmology and the accelerating universe, Phys. Rev. D 65 (2002) 104018 [hep-th/0202119].

[16] S.S. Gousheh and H.R. Sepangi, Wave packets and initial conditions in quantum cosmology, Phys. Lett. A 272 (2000) 304 [gr-qc/0006094].

– 15 –